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Extending Meaning of Multiplication and Division of Rational Numbers

Nancy Alexander
Louisiana Tech University

Rational number concepts are generally considered to be among the important

mathematical ideas children encounter during the middle grades. Yet the rational number

domain is known for great difficulties it presents for both students and teachers. A major factor

contributing to the complexity of this domain concerns the limited models students and teachers

hold for both multiplicative reasoning (Greer, 1992) and rational number understanding (Behr,

Harel, Post, & Lesh, 1992). As students begin to construct knowledge of fractions, they search

for connections to existing mathematical knowledge. They may try to use procedures acquired

from the whole number domain, only to become frustrated because these old rules won't work

on the new numbers! Recent research has focused on the basic concept of unit as a way to link

the whole number and rational number domains (Alexander, 1996; Behr, Harel, Post, & Lesh,

1994; Golding, 1994).

Studies have suggested that students can intuitively form units, and further, that this

intuitive knowledge of units can be used as a foundation for rational number understanding

(Lamon, 1994; Mack, 1993). One recent study revealed that a focus on the unit can serve as

a link between whole number and rational number domains for addition and subtraction

(Golding, 1994). This study examined the role of the unit as a link between whole number and

rational number domains for multiplication and division. Additionally, it explored whether

students' learning could carry over from the group setting to individual performance and whether

their new understandings could be applied to standard school tasks.

Four students of varying mathematical ability were selected from one seventh-grade

mathematics class from a rural K-12 school. The group participated in a five week teaching

experiment designed to build on their existing knowledge of the unit concept and then to extend

this to the rational number operations of multiplication and division. Data were collected daily

through videotapes, audiotapes, researcher journal, and students' written work. Other data

consist of individual student interviews conducted both prior to and at the conclusion of the

teaching experiment.
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Individual initial interviews were conducted during the first week of the teaching

experiment in order to determine students' existing fraction concepts and abilities. Students

participated in fifteen lessons during the experiment, each designed to illustrate various aspects

of the unit concept such as unitizing, reunitizing, and norming. The lessons focused on four

areas on instruction: (a) unitizing in whole number situations, (b) model-building for

multiplication and division of whole numbers, (c) unitizing in rational number situations, and

(d) model-building for multiplication and division of rational numbers. Analysis of the unit as

a connector between the whole number and rational number domains involved examination of

students' procedures and responses during the final phase of lessons and on the exit interviews.

Additionally, the exit interviews during the last week of the study sought to determine the degree

of independence of thinking students achieved through the instructional experience and the

degree to which the concept of unit could inform students' procedural methods of the usual

school curriculum.

Analysis of the results from this teaching experiment reveal that students' concepts of unit

were enriched by participating in the teaching sequence. Several conclusions were drawn from

the research findings.

1. The students developed a flexible concept of unit. The lessons were successful in enabling

students to extend their existing knowledge of fractions to include awareness of the unit in

fractional situations, verbalization of the meaning of the unit fraction, the necessity of equality

in partitioning, and ability to rename a unit as the unit whole changed. One of the most critical

understandings in rational numbers is that the numerical symbol, such as 1/3, can represent

different amounts, depending upon what the unit whole happens to be. Students used rods and

fraction circles to explore such relationships. Students were successful in building on their

existing skills in unitizing and norming to extend their part-whole interpretation of fractions so

as to envision composite units as iterations of unit fractions. In subsequent activities, students

used decomposition skills to develop a model for unit reconstruction tasks. Such an ability,

indicating that the student perceives the unit as an amount and not simply as a command for the

action of dividing up the whole into parts, is considered critical by many researchers for

development of a mature concept of rational numbers (Behr et al., 1992).
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2. Modeling provided continuity between conceptual domains. By focusing on the unit in each

fractional situation, the students were successful in expanding models for multiplication and

division of whole numbers and in extending these models to the rational number domain. The

use of a variety of manipulatives during the study served to broaden students' concepts of unit

and to facilitate linkage of concepts from whole number to rational number domains. For

example, students developed the area model for multiplication of whole numbers. When the

lessons progressed to models for rational numbers, embedded units were conceptualized through

the use paperfolding tasks which initially utilized folding techniques from only one direction.

As the folding strategies evolved into folding from two directions, the students quickly

recognized the similarity of the resulting model for rational numbers to their area model for

whole numbers. Thus they associated the task of finding a unit fraction of a unit fraction with

the operation of multiplication of rational numbers.

3. Equipartitioning remained a persistent difficulty. Students' concepts about the part-whole

relationship were limited initially because of their unconcern with equality in partitioning and

their weak skills in partitioning. The lack of awareness of equality in partitioning continued

to impact unit formation abilities of two students during much of the study. While this problem

was overcome for all but one student during the study, it persisted far longer than anticipated.

4. A sustained focus on the measuring unit is hard to achieve. A persistently recurring problem

emerging in the process of expanding models for multiplication and division concerned students'

loss of sight of the measuring unit. As students engaged in tasks requiring the comparison of

two units, they frequently confused the measuring unit or ruler with the object being measured.

Such confusion resulted in an answer which was the inverse of the one being requested. Only

with a concerted effort of focusing on the measuring unit were students able to minimize the

interference of this obstacle. Division situations in which students were unable to overcome loss

of sight of the unit involved problems in which the rulers were longer than the rods being

measured. In such situations, the tendency of students was to exchange the units in the problem

situation, thus illustrating a constraint of primitive models of division: the divisor must be less

than the dividend. Confusion also arose in the development of the area model for multiplication

because of the change in unit structure from linear to area units. Students' instinctive response
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was that, instead of square units, the "answer" should be of the same unit as the sides of the

rectangle.

5. The development of models was handicapped by students' selection and use of measurement

units. Students experienced difficulties in selecting the appropriate measurement unit for linear

or area measurement tasks. For example, in determining the length of a side, students debated

between counting the points or the segments or the squares along the side. If students chose to

count the points, they began their count with "one." If they counted the squares or boxes, they

displayed the propensity not to count the corner square twice. Students' modeling efforts were

further hampered by weak measurement skills which caused impreciseness in measurements.

6. Unitizing skills endure and are extendable. All of the students were successful in solving

most of the problems in the exit interview. In fact, the students' performance in the exit

interviews often demonstrated a deeper understanding of unit concepts than was displayed during

the group sessions. For example, Task 5 of the exit interview presented three dots which

represented 1/4-unit and required students to determine 2/3-unit. Melanie, who had experienced

no success with similar tasks during the teaching sequence, demonstrated sound understanding

of the underlying unit structure of the task. She immediately selected twelve chips and formed

a 3 x 4 array. She explained "that's my whole [and] I'm doing this so I can separate it into

thirds." She refocused attention from the four columns, each representing 1/4-unit, to the three

rows by widening the space between the rows. She explained the arrangements of rows and

columns as two different unit interpretations. Pointing out the columns, Melanie remarked, "this

is how they were in fourths." Shifting her attention to the rows, Melanie concluded, "and this

is how they were in thirds."

Results from the exit interview provide evidence that students do internalize unit concepts

and rational number concepts acquired through the group learning experience. Further, the

knowledge students acquired in unitizing and norming is not only strong it is extendable in that

some of the students could use their knowledge to solve more complex problems than were

presented during the instructional sequence. The embedded units tasks during the teaching

sequence were limited to finding a unit fraction of a unit fraction. The exit interview addressed

such tasks as well by asking students to find 1/3 of 1/5-unit. As all the students were successful

in this endeavor, they were then asked to find 1/3 of the composite fraction 2/5. While only one
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student was unable to quantify the result, all students successfully modeled the extension task.

In another example, students were required to equipartition an already partitioned unit whole

a problem not addressed during the teaching sequence. Efforts on a similar task in the initial

interview were unsuccessful for all students except one, and this student required prodding to

complete the task. Whereas this same student again required assistance on the exit interview,

the other students were able to solve the task alone. Likewise, reconstitution tasks during the

teaching sequence were confined to finding the unit whole from a unit fraction; however, the exit

interview required students to find a specified composite unit, 2/3, when given only a unit

fraction, 1/4. All students recognized the immediate necessity of establishing the unit whole and

then sought to reunitize this unit whole into the necessary norming unit to obtain the composite

fraction 2/3.

7. Models can inform procedural methods and/or provide alternative solution methods. None

of the students could model rational number problems at the outset of the teaching experiment,

yet all of them were successful on the exit interview in using models to solve the problems.

Additionally, students' confidence in their models was stronger than their confidence in

procedural solution methods, as evidenced by their consistent efforts to alter their procedural

methods in order to obtain the same answer dictated by their model. For one student, this was

in stark contrast with her performance on the initial interview. At that time, Judy was successful

in solving rational number problems, but had difficulty determining appropriate models. In

choosing which answer to accept the one determined by her model or the one determined by

her calculation she preferred her calculation. Judy had strong confidence in her procedural

solution while little confidence in the answer displayed by her model. Having the correct model

in the exit interview did not always enable students to solve the task procedurally; however, the

ability to model problem situations served to provide them with an alternative solution method.

This study points to the need for more school practice in partitioning and measurement

activities and more extensive use of modeling to facilitate development of unit concepts. Future

research should investigate strategies for students to overcome constraints of primitive models

of division.

5

7



References

Alexander, N. (1996). The Role of the Unit as a Cognitive Bridge Between Additive and
Multiplicative Structures. Unpublished doctoral dissertation, Louisiana State University.

Behr, M., Harel, G., Post, T., & Lesh, R. (1992). Rational number, ratio, and
proportion. In D. Grouws (Ed.), Handbook of research on mathematics teaching and
learning (pp. 296-333). New York: Macmillan.

Behr, M., Harel, G., Post, T., & Lesh, R. (1994). Units of quantity: A conceptual basis
common to additive and multiplicative structures. In G. Harel & J. Confrey (Eds.), The
development of multiplicative reasoning in the learning of mathematics (pp. 121-176).
Albany, NY: SUNY Press.

Golding, T. (1994). The effects of the unit concept on prospective elementary teachers'
understanding of rational number concepts. (Doctoral dissertation, Louisiana State
University.) Dissertation Abstracts International. Vol. 55, no.11, 3439A, Order
#DA9508570.

Greer, B. (1992). Multiplication and division as models of situations. In D. Grouws (Ed.),
Handbook of research on mathematics teaching and learning (pp. 276-295). New York:
MacMillan.

Lamon, S. (1994). Ratio and proportion: Cognitive foundations in unitizing and
norming. In G. Harel & J. Confrey (Eds.), The development of multiplicative reasoning
in the learning of mathematics (pp. 89-120). Albany NY: SUNY Press.

Mack, N. (1993). Learning rational numbers with understanding: The case of informal
knowledge. In T. Carpenter, E. Fennema, and T. Romberg (Eds.), Rational Numbers:
An Integration of Research (pp. 85-105). Hillsdale, N.J.: Lawrence Erlbaum Associates.

6



LL1(H.

U.S. Department of Education
Office of Educational Research and Improvement (OERI)

Educational Resources Information Center (ERIC)

REPRODUCTION RELEASE
(Specific Document)

I. DOCUMENT IDENTIFICATION:

(

E R ICi

Title: Ex

Author(s):

Corporate Source:

Veo rp
o4 M(444ptic,ck4-1.63-

bivis;DA

Rck-key.AJ Numben

Publication Date:

Mav-c.V11 fqq7

II. REPRODUCTIONRELEASE:

In order to disseminate as widely as possible timely and significant materials of interest to the educational community, documents announced

in the monthly abstract journal of the ERIC system, Resources in Education (RIE), are usually made -available.to users in- microfiche, reproduced _

paper copy, and electronic/optical made, and sold through the ERIC Document Reproduction Service (EDRS) or other ERIC vendors. Credit is

given to the source of each document, and, if reproduction release is granted, one of the following notices is affixed to the document

If permission is granted to reproduce and disseminate the identified document, please CHECK ONE of the following two options and sign at

the bottom of the page.

Check here
For Level 1 Release:
Permitting reproduction in
microfiche (4' x 6' film) or
other ERIC archival media
(e.g., electronic or optical)
and paper copy.

The sample sticker shown below will be

affixed to all Level 1 documents

PERMISSION TO REPRODUCE AND

DISSEMINATE THIS MATERIAL
HAS BEEN GRANTED BY

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

Level 1

The sample sticker shown below will be

affixed to all Level 2 documents

PERMISSION TO REPRODUCE AND
DISSEMINATE THIS

MATERIAL IN OTHER THAN PAPER
COPY HAS BEEN GRANTED BY

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)

Level 2

Documents will be processed as indicated provided reproduction quality permits. If permission

to reproduce is granted, but neither box is checked, documents will be processed at Level 1.

E
Check here

For Level 2 Release:
Permitting reproduction in
microfiche (4' x 6' film) or
other ERIC archival media
(e.g., electronic or optical),
but not in paper copy.

hereby grant to the EducationalResources Information Center (ERIC) nonexclusive permission toreproduce and disseminate

this document as indicated above. Reproduction from the ERIC microfiche orelectroniclopdcal media by persons other than

ERIC employees and its system contractors requires permission from the copyright holder. Exception is made for non -profit

reproduction by libraries and otherservice agencies to satisfy information needs of educators in response todiscrete inquiries.'

Sign Signature:

here)
please

Organa=cldress:
LoLLsickwct TcCL tiKiVer&4ti
P.0 gel( 3161

fiRus-koK, LA- 7 la7ez

Printed Name/Position/ itle:

Nano.LA A te-XaK4 r
TereriphoW

318 -25e/- 4587 31g-a57,3377
E-Mail Address: Date:

Wanc-4jAPVVA,C.C.,
LaTeck edu.

(over)



III. DOCUMENT AVAILABILITY INFORMATION (FROM NON-ERIC SOURCE):

If permission to reproduce is not granted to ERIC, or, if you wish ERIC to cite the availability of the document from another source,

please provide the following information regarding the availability of the document. (ERIC will not announce a document unless it is

publicly available, and a dependable source can be specified. Contributors should also be aware that ERIC selection criteria are

significantly more stringent for documents that cannot be made available through EDRS.)

Publisher/Distributor:

Address:

Price:

IV. REFERRAL OF ERIC TO COPYRIGHT/REPRODUCTION RIGHTS HOLDER:

If the right to grant reproduction release is held by someone other than the addressee, please provide the appropriate name and address:

Name:

Address:

V. WHERE TO SEND THIS FORM:

Send this form to the following ERIC Clearinghouse:

ERIC Clearinghouse on Assessment and Evaluation

210 O'Boyle Hall
The Catholic University of America

Washington, DC 20064

However, it solicited by the ERIC Facility, or if making an unsolicited contribution to ERIC, return this form (and the document being

contributed) to:

ERIC Processing and Reference Facility
1100 West Street, 2d Floor

Laurel, Maryland 20707-3598

Telephone: 301-497-4080
Toll Free: 800-799-3742

FAX: 301-953-0263
e-mail: ericfac@ineted.gov

WWW: http://ericfac.piccard.csc.com

(Rev. 6/96)


